The paper deals with the study of the Cauchy problem for a class of hyperbolic second order operators with double characteristics in the presence of a transition. In particular, we obtain some a priori local estimates and, by means of these estimates, we prove local and global existence theorems.
Introduction
where T * = × (R n \ {}) is the cotangent bundle related to , and by F p the fundamental matrix of P at ρ, namely
The spectrum of F(ρ), which we denote by Spec(F(ρ)), has a remarkable importance for the study of the well-posedness of the Cauchy-Dirichlet problem for P.
Let us note that (see [] )
It is well known that F(ρ) has only pure imaginary eigenvalues with a possible exception of a pair of non-zero real eigenvalues ±λ (see [, ] ). If F(ρ) has a pair of non-zero real eigenvalues, we say that P is effectively hyperbolic at ρ. If F(ρ) has only pure imaginary eigenvalues and, moreover, if in the Jordan normal form of F(ρ) corresponding to the eigenvalue , there are only Jordan blocks of dimension , i.e., Ker F(ρ)
we say that P is non-effectively hyperbolic of type  at ρ. Instead, if F(ρ) has only pure imaginary eigenvalues and, moreover, if in the Jordan normal form of F(ρ) corresponding to the eigenvalue , there is only a Jordan block of dimension  and no block of dimension , i.e., Ker F(ρ)  ∩ Im F(ρ)  is -dimensional, we say that P is non-effectively hyperbolic of type  at ρ. Besides let us set + = {ρ ∈ : P is effectively hyperbolic at ρ}, -= {ρ ∈ : P is non-effectively hyperbolic of type  at ρ},  = {ρ ∈ : P is non-effectively hyperbolic of type  at ρ}.
It is easy to verify = - +
Finally we say that we have a transition exactly when at least two among the above sets are nonempty. The Cauchy problem for hyperbolic operators with double characteristics has been widely studied by many authors either in the case in which F p (ρ) has two real nonzero eigenvalues ∀ρ ∈ or in the case in which all the nonzero eigenvalues of F p (ρ) are purely imaginary numbers, ∀ρ ∈ (see for instance [, -]). Recently, another class of hyperbolic second order operators with double characteristics has been considered in [] . For this class the C ∞ well-posedness of the Cauchy problem is studied. Moreover, Carleman 
has two nonzero imaginary eigenvalues, then P is non-effectively hyperbolic. Therefore + is the set of points of for which |∇ x α(x)| < , -is the set of points of for which |∇ x α(x)| >  and  is the set of points of in which |∇ x α(x)| = . Hence, even if we consider the particular class of operators (), we have a transition from effectively hyperbolic to non-effectively hyperbolic.
In [] , an a priori estimate for solutions of a class of hyperbolic equations depending on a parameter (-∂ [] . In this paper, we study the general class of hyperbolic second order operators with double characteristics in the presence of a transition (). Under suitable assumptions on the coefficients that allow the transition on the variety characteristic, we obtain, first of all, a priori local estimate near the boundary and, then, distant from it. Such estimates allow us to prove existence theorems for the following Cauchy problem in the set :
see Section . Let us assume that:
, where α(x ) is a vector with m components equal to α(x ),
where (x , x ) is a matrix with m columns equal to A(x , x )∇ x g(x ), the matrices A and B are positive definite and C is positive semidefinite, namely
It is worth remarking that in the study of hyperbolic operators considered in this note, the major difficulties in order to establish a priori estimates regard to the case in which the function β(x, λ) = x  + λ -α(x ) assumes positive and negative values in . Let us observe that if m = , setting A(x , x ) = (a(x , x )), as a result C(x , x ) = div x a(x , x )g(x ). Moreover, if a(x , x ) is a constant function, then C(x , x ) = . Therefore, if m =  and A(x , x ) is a constant function, assumption (iv) naturally occurs.
 +x  be a function defined in R and let
It is easy to verify that g( 
k >  and the operator
The The paper is organized as follows. In Section  some preliminary notations are given. In Section  a priori estimates are proved. In Section , estimates in Sobolev spaces with s <  by means of the pseudodifferential operator theory are obtained. Section  deals with a local existence theorem near the boundary. Then a regularity result for the solution u to the Cauchy problem () is shown. At last a global existence result is proved in Section . Let s ∈ R, let us denote by · H ,,s the norm given by
Notations and preliminaries
where the Fourier transform is done only with respect to the variable x  . Moreover, let us denote by A s the pseudodifferential operator, given by 
Let us remark that the norms u H ,,s ( ) and A s u L  ( ) are equivalent. Finally, let s, p ∈ R, let us denote by · H s,p the norm given by
3 A priori estimates
and therefore
In particular, in k we obtain
which implies (). Analogously, by using the following equality:
we obtain (). Finally, collecting () and (), we have (). Now, we are able to prove the following a priori estimate.
us suppose that g, h satisfy (i), (ii), and (iii). Then there exists a constant c >  such that
Proof Let us integrate by parts in the inner product
On the other hand, by integrating by parts in the inner product, we obtain
Let us compute separately every inner product:
For the second one, we have
and that implies
We compute
Moreover, as a result
where (x , x ) is a matrix with m columns equal to A(x , x )∇ x g(x ). Taking into account (), (), and (), we obtain
where we have set
Substituting () in () and using assumption (ii), we have
Finally, we have
By adding (), (), (), and (), we have
Making use of assumptions (i), (ii), (iii), and (iv), we obtain
where k = [, k[ ×  , with k > , from which () follows.
As a consequence, we have the following corollary.
Corollary . Under the same assumptions of Theorem . and for k small enough, there exists a constant c >  such that
Proof Taking into account () and () and choosing a positive number k small enough, we obtain ().
Estimates in Sobolev spaces with s < 0 by means of pseudodifferential operator theory
Let us, first, prove some preliminary results.
where L is the distance between supp ϕ and U x , supposed to be greater than .
Proof Let us consider
This implies
where the convolution is done with respect to x , and also
where
Making use of () and (), we obtain
Taking into account the previous inequality and the Peetre inequality (see [] , p. ), it follows that
where the constant c q,r,s is independent on L.
Taking into account Lemma ., it is easy to show the following.
Furthermore, we are able to prove the following.
Proof In order to establish this result we can proceed as Lemma ., but in () we need to consider the Fourier transform of the function ψ(|x
) instead of ϕ(η ) and keep in mind that
where S (R) is the space of tempered distributions defined in R.
Next, we prove a result concerning estimates near the boundary. 
as a result
Proof Integrating by parts and proceeding as in the first part of Theorem ., we have
, it follows that
For τ large enough, making use of () and () we obtain the claim.
As a consequence, we establish the following result.
Lemma . For every ε and δ positive, there exists k >  such that if
for every s < , as a result 
Let us compute
where (ϕ -)∂ x  A s = R is a regularizing operator. In the same way,
Similarly, we obtain
where we take into account that (ϕ -)A s ∂ x j and [∂ x j , ϕ]A s are regularizing operators. Finally, we have
(ϕ -)A s being a regularizing operator. Making use of (), (), (), and (), it follows that
, choosing k small enough, as a result
On the other hand, we have
As a consequence, we obtain
where we set [P, A s ] = B s+ , this being a pseudodifferential operator endowed with the symbol with respect to the variable x of order s + . Such a symbol has the following principal part:
Therefore the symbol b(x, ξ ) can be written as
where d(x, ξ ) is a symbol of order s and we set
Moreover, we set R = [ϕ(|x |), P]A s , which is a regularizing operator. At last, we remark that
and the symbol c s of C s is given by
By such insights and by (), as a result
By using (), (), (), and for ε small enough, the claim follows. Now, we are able to prove the following theorem.
be an open set of R n-m and let B(x ) be a constant. Under assumptions (i) and (ii), for every s ∈ Z -there exists c >  such that
Furthermore, we have
Taking into account Lemma ., for L large enough, it follows that
Making use of the same technique, we have
and similarly
where L is large enough. Finally, we have
having used Lemma ..
On the other hand we have the result
Let us observe that
from the continuity property of the pseudodifferential operators (see [] , Theorem .) and making use of Lemma
By using (), (), and (), we have
Making use of (), (), (), (), and (), choosing ε small enough and taking into account Lemma ., as a result
and for ε small enough the claim is established. Now, we prove an estimate in Sobolev spaces with s < .
Theorem . Under assumptions (i), (ii), (iii)
, and (iv), for every s ∈ R - there exists c >  such that
Proceeding as in the proof of () (see from () to ()), we obtain
where R = [ϕ(|x |), P]A s is a regularizing operator and B s+ = [P, A s ] is a pseudodifferential operator with respect to the variables x of order s +  endowed with symbol b(x, ξ ) with principal part equal to
Hence,
where c(x, ξ ) is the symbol of order s. Therefore, we have
Then as a result
Taking into account (), (), (), and (), we obtain
We remember that C s+ is a pseudodifferential operator endowed with the symbol
Therefore, we have
where χ ∈ C ∞  (R) such that χ(t) =  for |t| < . Therefore, we have
where R is a regularizing operator. On the other hand, we have
is a symbol of order s. As a consequence, it follows that
Then, taking into account Lemma .,
Making use of (), (), and Lemma ., we have
Finally, by (), (), (), (), and (), for δ and ε small enough and, hence, k small enough, as a result
A local existence theorem near the boundary and a regularity result
with k > ; the following local existence theorem near the boundary holds.
Proof Let S be the space
Let T be the linear functional defined as
Making use of Theorems . and ., we have
where c = c f H ,,s ( ) . Hence T is continuous on S and can be extended to a linear continuous functional in H ,,-s ( k ). Making use of the representation theorems, there exists
Now, let us study the regularity of the solution w. To this aim, we set
and, for every x ∈ , we consider the Cauchy problem
Since L is a strictly hyperbolic operator, it is well known that if h ∈ H s then the solution v ∈ H s+ . As a consequence, since Pw = f in the sense of distributions, Lw = h,
and r ≥ , it follows that
Let us proceed by induction. We prove
Hence, we compute
from which we have
This implies
Since s ≤ r -, as a result
Therefore, we proved that if w is solution to the equation:
Integrating by part the left-hand side of (),
Moreover, integrating by parts the left-hand side of (), for every ϕ ∈ C
and combining with (), it follows that
Finally, integrating by part the left-hand side of (), for every ϕ ∈ C
and making use of (), as a result
Hence, we proved that w ∈ H r ( k ) (r ≥ ) is a solution to the problem
for k small enough.
A global existence result
Let x  >  and let x  = [x  , +∞[ ×  , by means of the change of variables x  = y  + x  , the problem
According to the results of Section , for k small enough, there exists a solution v ∈ H r ( k ), r ≥ , verifying the problem
Hence, there exists a solution w ∈ H r ( x  ,k ), where
Now, if B(x ) is constant and  = ×R n-m , k does not depend on s. Then we can proceed in the following way. From the existence of a solution w ∈ H r ( x  ,k ) to problem (), it follows that also the problem
where 
